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In this dissertation, the cross-correlation between two differently decimated sequences
of a p-ary m-sequence is considered. Two main contributions are as follows.
First, for an odd prime p, n = 2m, and a p-ary m-sequence of period pn − 1, the
cross-correlation between two decimated sequences by 2 and d are investigated. Two
cases of d, d = (p
m+1)2
2 with p
m ≡ 1 (mod 4) and d = (pm+1)2pe+1 with odd m/e are
considered. The value distribution of the cross-correlation function for each case is
completely deterimined. Also, by using these decimated sequences, two new families
of p-ary sequences of period p
n−1
2 with good correlation property are constructed.
Second, an upper bound on the magnitude of the cross-correlation function between
two decimated sequences of a p-ary m-sequence is derived. The two decimation factors
are 2 and 2(pm + 1), where p is an odd prime, n = 2m, and pm ≡ 1 (mod 4). In fact,
these two sequences corresponds to the sequences used for the construction of p-ary
Kasami sequences decimated by 2. The upper bound is given as 32 p
m + 12 . Also, using
this result, an upper bound of the cross-correlation magnitude between a p-ary m-
sequence and its decimated sequence with the decimation factor d = (p
m+1)2
2 is derived.
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Pseudorandom sequences are sequences which look like random, but generated with
deterministic methods. That is, they exhibit similar statistical properties of truly ran-
dom sequences. Such sequences have various applications in the wide range of com-
munications, such as spread-spectrum, code division multiple access (CDMA), cryp-
tography, radar, global positioning system (GPS), and so on. Therefore, design of pseu-
dorandom sequences with good properties has been an important research topic for
several decades.
A common way to generate a pseudorandom sequence is using a linear-feedback
shift register (LFSR). An LFSR is a shift register where a linear function of its previous
state is fed back to the input. A sequence that is constructed using an LFSR is periodic
and its period is determined by a feedback function of the LFSR. For a p-ary LFSR
with n registers, where p is a prime, the maximum period of a sequence is pn−1. Such
1
Figure 1.1: LFSR for generating a binary m-sequence of period 15.
a sequence is called a maximal length sequence or an m-sequence. M-sequences have
many desirable properties for pseudorandom sequences such as ideal autocorrelation
property and used for many communication systems.
M-sequences are also used as a basis of other pseudorandom sequences and sets
of pseudorandom sequences, called sequence families. It is desirable that every pair
of sequences in a sequence family has low cross-correlation, as well as low autocor-
relation. Sequence families with such good correlation property can be used for user
identification in CDMA, GPS, and many more. Gold sequence [1] is a family of binary
sequences constructed from two binary m-sequences of same period, which is called
a preferred pair. Binary Kasami sequence family [2] is generated by combining a bi-
nary m-sequence of period 2n − 1 and a distinct cyclic shift of a binary m-sequence of
shorter period 2m − 1, where n = 2m. Bent function sequence sets [3] are constructed
by using a binary m-sequence and a bent function. No sequence family [4] has optimal
correlation property and large linear span, and is constructed by combining Kasami
sequences with GMW sequences [5].
There have also been various researches on nonbinary sequence families. For an odd
prime p, Kumar and Moreno [6] presented a construction of p-ary sequence families
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which have optimal correlation and large family size. p-ary Kasami sequence family
was constructed by Liu and Komo [7]. Jang et al. [8] presented a family of p-ary
sequences with optimal correlation and large linear span using the p-ary Helleseth-
Gong sequences [9] with ideal autocorrelation. p-ary sequence families with larger
size were constructed in [10] and [11]. Also, families of quaternary sequences were
studied in [13]-[15] and M-ary sequence families with M not limited to odd primes or
4 were considered in [16]-[19].
A decimated sequence is generated by choosing every d-th elements from an orig-
inal sequence, where an integer d is a decimation factor of the sequence. In general,
when a cross-correlation between an m-sequence and its decimated sequence is low,
a sequence family with low correlation property can be constructed by using these
two sequences. For this reason, lots of studies have been attempted to find the cross-
correlation between an m-sequence and its decimated sequence. Table 1.1 lists some
previously known results on the cross-correlation between a binary m-sequence of pe-
riod 2n − 1 and its decimated sequences.
For a p-ary m-sequence of period pn − 1 with p being an odd prime, some deci-
mation factors d with gcd(pn − 1, d) = 1 have been investigated in [26]-[29] and [34].
There have also been researches for decimation factors with gcd(pn − 1, d) > 1 [30]-
[42]. Especially, for an odd prime p, a positive integer k, n = 4k, and a decimation
value d = ( p
2k+1
2 )
2, Seo et al. [37] derived the cross-correlation distribution between
a p-ary m-sequence s(t) of period pn − 1 and its all decimated sequences s(dt + l),
0 ≤ l < p2k+12 . This result was later generalized by Luo [38], where m is a positive
integer satisfying pm ≡ 1 (mod 4), n = 2m, and d = ( pm+12 )2. Choi et al. [39] investi-
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Table 1.1: Some cross-correlation results between a binary m-sequence of period 2n−1
and its decimated sequences
n d Cmax
Gold [1] odd ne with e = gcd(n, k) 2
k + 1 2(n+e)/2 + 1
Kasami [2] even n = 2m 2m + 1 2m + 1
Kasami [21] odd ne with e = gcd(n, k) 2
2k − 2k + 1 2(n+e)/2 + 1
Niho [22] even n = 4k 22k+1 − 1 22k+1 − 1
Helleseth [27] even n = 2m 2m + 3 3 · 2m − 1
Cusick and Dobbertin [23] even n = 2m 2m + 2(m+1)/2 + 1 2m+1 + 1
Cusick and Dobbertin [23] even n = 2m 2m+1 + 3 2m+1 + 1
Canteaut et al. [24] odd n = 2m + 1 2m + 3 2m+1 + 1
Dobbertin et al. [25] n = 2m with odd m 3 · 2m − 2 2m+2 − 1
gated the cross-correlation for the decimation factor d = (p
m+1)2
2(p+1) , where n = 2m and
m is an odd integer. Luo et al. [40] and Sun et al. [41] generalized this decimation
value by d = (p
m+1)2
2(pe+1) , where e|m. The results were further generalized by Xia and
Chen [42], where m is any positive integer with odd m/e. Note that in each case,
gcd(d, pn − 1) = pm+12 . Some known results on the cross-correlation between a p-ary
m-sequence with an odd prime p and its decimated sequences are given in Table 1.2.
Recently, the cross-correlation between two differently decimated sequences has
been studied. Kim et al. [43] constructed a p-ary sequence family with low correlation
by using two decimated sequences, where p ≡ 3 (mod 4) is an odd prime, n is an odd
integer, and the decimation factors are 2 and 2( p
n−1
2 − pn−1). The results in [43] were
generalized in [44], where the decimation factors are e and e( p
n−1
e − pn−1) with e|pn−1
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Table 1.2: Some known results on the cross-correlation between a p-ary m-sequence and its decimated sequences
p n d gcd(pn − 1, d) Cmax
Helleseth [27] odd prime odd ne with e = gcd(n, k)
1
2 (p
2k + 1) or p2k − pk + 1 1 1 + p(n+e)/2
Helleseth [27] pn ≡ 1 (mod 4) any 12(pn − 1) + pi with 0 ≤ i < n 1 −1 + 12 (pn + pn/2)
Helleseth [27] 2 mod 3 even 13(p
n − 1) + pi with 0 ≤ i < n 1 −1 + 13 (pn + 4pn/2)
Helleseth [27] pn/2  2 (mod 3) even 2pn/2 − 1 1 −1 + 2pn/2
Dobbertin et al. [28] 3 odd 2 · 3(n−1)/2 + 1 1 1 + 3(n+1)/2
Zhang et al. [29] 3
n = 3r for gcd(r, 3) = 1
and r ≥ 2 3
r + 2 or 32r + 2 1 32r − 1
Xia et al. [34] odd prime odd ne with e = gcd(n, k)
positive integers satisfying
d(pk + 1) ≡ 2 (mod pn − 1) 1 or 2 varies








Luo [38] pn/2 ≡ 1 (mod 4) even ( pn/2+12 )2 p
n/2+1
2 −1 + 2pn/2














2 . Xia and Chen [45] constructed a p-ary sequence family by using
sequences with decimation factors 2 and pm+1, and derived its correlation distribution.
Lee et al. [46] obtained an upper bound on the cross-correlation magnitude of two
decimated p-ary sequences and constructed new sequence families. The maximum
correlation bound was derived by using Weil’s bound [48] on exponential sums. In
[47], the cross-correlation between p-ary sequences with decimation factors 2 and
d = 4pn/2 − 2 was investigated, where the half of the decimation value d2 was studied
in [27]. Note that in most cases, one of the two decimation factors is 2 and for other
decimation factor d, gcd(pn − 1, d) is a multiple of 2. Then the sequence families
constructed have period p
n−1
2 , which is the half of that of an m-sequence.
The principal contribution of this dissertation is new cross-correlation results be-
tween two decimated sequences of a p-ary m-sequence of period pn−1, where n = 2m
is an even integer. First, the cross-correlation values and its distribution of two deci-
mated sequences by the decimation factors 2 and d are derived. Here two cases of d
are considered, the first one is d = (p
m+1)2
2 with p
m ≡ 1 (mod 4) and the second one
is d = (p
m+1)2
pe+1 with odd m/e. Note that these decimation values are twice of the deci-
mation factors which were considered in [37]-[42] to investigate the cross-correlation
between an m-sequence and its decimated sequence. And by using these results, two
new sequence families of period p
n−1
2 with good correlation property are constructed.
It is shown that the cross-correlation values of any two sequences in the families are
the same as the values of the cross-correlation between the two decimated sequences,
except the in-phase autocorrelation. Also, the complete value distribution of the cor-
relation of each sequence family is derived. The construction method of the sequence
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families is similar to that of p-ary Kasami sequence family, but they have half period
and different characteristics for the same parameters.
Second, an upper bound on the magnitude of cross-correlation between two deci-
mated sequences is determined, where the decimation factors are 2 and 2(pm + 1) with
pm ≡ 1 (mod 4). Here one decimation factor 2(pm + 1) is actually twice of the deci-
mation value pm+1, which is used in the construction of Kasami sequence family. The
upper bound is obtained by showing equivalence of two exponential sums and using
Weil’s bound. Also, an upper bound on the magnitude of cross-correlation between
a p-ary m-sequence and its decimated sequence by d = (p
m+1)2
2 , p
m ≡ 1 (mod 4) is
derived. The decimation factor is the one of decimation values which is considered in
this dissertation to construct a new sequence family of period p
n−1
2 .
1.2 Overview of This Dissertation
This dissertation is organized as follows. In Chapter 2, basic concepts of pseudo-
random sequences are presented as preliminaries for understanding the remainder of
the dissertation. Necessary definitions and notations about p-ary sequences and their
cross-correlation are given. Also, some previous results about the cross-correlation be-
tween two sequences which are related to this dissertation are introduced. In Chapter
3, two new p-ary sequence families of period p
n−1
2 with good correlation property are
proposed. For this, the cross-correlation between two decimated sequences is stud-
ied. The decimation factors of the two sequences are 2 and d, respectively, where two
different values for d are considered. Then by using these decimated sequences, new
sequence families are constructed. In Chapter 4, an upper bound on the magnitude
7
of the cross-correlation between two decimated sequences is determined, where the
decimation factors are 2 and 2(pm + 1) with n = 2m and pm ≡ 1 (mod 4). Also, an
upper bound on the magnitude of the cross-correlation between a p-ary m-sequence
and its decimated sequence is given, where the decimation factor is the one considered




In this chapter, definitions, notations and lemmas for understanding the remainder of
this dissertation are presented. Also, some previous studies about the cross-correlation
which are related to the results of this dissertation are introduced.
2.1 Finite Fields
A group G is a set together with an operation · satisfying the following properties:
1) Closure; for any a, b ∈ G, a · b is also in G.
2) Associativity; for any a, b, c ∈ G, a · (b · c) = (a · b) · c.
3) Identity; there is an identity element e ∈ G such that for all a ∈ G, a · e = e · a = a.
4) Inverse; for any a ∈ G, there exists an inverse element a−1 ∈ G such that a · a−1 =
a−1 · a = e.
A group G is called an abelian group if the operation · is commutative, i.e., a · b = b · a
for any a, b ∈ G.
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A field F is a set of elements where two operations, called addition and multiplica-
tion, are defined. In addition, F is an abelian group with respect to addition having 0
as the identity element, and nonzero elements of F form an abelian group with respect
to multiplication with the identity element 1. Note that for a, b ∈ F, ab = 0 if and only
if a = 0 or b = 0. Well-known examples of a field are the set of rational numbers, real
numbers, and complex numbers, which are infinite sets.
There is also a field with a finite number of elements, called a finite field. A basic
example of a finite field is a prime field Fp = {0, 1, ..., p − 1}, where p is a prime and
addition and multiplication are computed modulo p.
For any prime p and any positive integer n, there exists a unique field extension of
Fp with pn elements, denoted as Fpn . Also, when k is a positive integer with k|n, then
the finite field Fpk is a subfield of Fpn .
A primitive element of Fpn is a generator of the multiplicative group F∗pn = Fpn\{0}
of the field. In other words, when α ∈ Fpn is a primitive element, every nonzero ele-
ment of Fpn is expressed as a power of α. Note that a primitive element is not unique
in general. The number of primitive elements in Fpn is φ(pn − 1), where φ is Euler’s
phi function.
Let f (x) = a0 + a1x + a2x2 + · · · + anxn be a polynomial of degree n, where the
coefficients a0, ..., an ∈ Fp. f (x) is said to be irreducible over Fp if f (x) can’t be
factored into the product of two non-constant polynomials with coefficients in Fp.
When f (x) is an irreducible polynomial over Fp, the field Fp[x]/( f ) is an extension
field of Fp.
f (x) is called a primitive polynomial over Fp if f (x) is a monic irreducible poly-
nomial over Fp and of least degree having a primitive element α of the field Fpn as a
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root. When f (x) is a primitive polynomial over Fp, the field Fp[x]/( f ) is an extension
of Fp with pn elements, which is isomorphic to Fpn .
2.2 Trace Functions and Sequences
Let p be a prime, n, k be positive integers with k|n, and Fpn be the finite field with







where x ∈ Fpn .
The trace function has the following mathematical properties:
1) trnk(ax + by) = a · trnk(x) + b · trnk(y) for all a, b ∈ Fpk and x, y ∈ Fpn .
2) trnk(x
pk ) = trnk(x) for all x ∈ Fpn .
3) Let m be a positive integer with m|n and k|m. Then trnk(x) = trmk (trnm(x)) for all
x ∈ Fpn .




trnk (x) = 0, where ω = e
2π
√−1
p is a primitive p-th root of unity.
Let α be a primitive element of Fpn . Then a p-ary m-sequence s(t) of period pn − 1
can be expressed as
s(t) = trn1(α
t).
As t takes every value in 0 ≤ t < pn − 1, αt runs through F∗pn .
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When gcd(d, pn−1) = 1, a decimated sequence of an m-sequence by the decimation
factor d is given as
s(dt) = trn1(α
dt)
and the period of the sequence is also pn − 1.
When n = 2m and gcd(pn − 1, d) = pm + 1, the decimated sequence s(dt) becomes
an m-sequence of period pm − 1. It can be shown that in this case, s(dt) is the unique
decimated sequence with respect to cyclic shift for the decimation factor d. Let
s(dt + l) = trn1(α
dt+l)
be the decimated sequences of s(t), 0 ≤ l < pm − 1. From the properties of the trace
function, we have
trn1(α







since αdt ∈ F∗pm . When trnm(l) = 0, s(dt + l) becomes an all-zero sequence and when
trnm(l)  0, then the sequence s(dt + l) is just a cyclically shifted sequence of s(dt) of
period pm − 1.
Figure 2.1 is an example of the relationship between a p-ary m-sequence and its
decimated sequence by the decimation factor d = pm + 1, where p = 3, n = 4, and
m = 2. The ternary m-sequence of period 80 can be written as s(t) = s(dt1 + t2), where
0 ≤ t1 < 8 and 0 ≤ t2 < 10. Also note that each column of Figure 2.1 corresponds to
the decimated sequence s(dt1 + l). It is easy to verify that every column is cyclically
equivalent except the all-zero column.
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Figure 2.1: An example of a ternary m-sequence of period 80 and its decimated se-
quence by d = 10.
When gcd(pn − 1, d) > 1 with d  | pm + 1, there are gcd(pn − 1, d) distinct decimated




2.3 Cross-Correlation Between Two Sequences
The (periodic) cross-correlation function between two p-ary sequences a(t) and b(t)





where ω = e
2π
√−1
p is a primitive p-th root of unity and t + τ is computed modulo N.
When a(t) = b(t), then (2.1) is called the autocorrelation function and is denoted by
R(τ).
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Let a(t) be a p-ary m-sequence of period N = pn − 1. Then the autocorrelation














where x = αt and a = ατ. Then we have
R(τ) =
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
N, if τ ≡ 0 (mod N)
−1, otherwise.
(2.2)
An autocorrelation as in (2.2) is called the ideal autocorrelation.
The cross-correlation function of a p-ary m-sequence s(t) of period pn − 1 and its


















where x = αt, a = ατ, and b = αl.
Let s(t) be a p-ary m-sequence of period pn − 1 and s(2t + i) and s(dt + j) be its two
decimated sequences, where gcd(pn−1, d) is a multiple of 2. Then the cross-correlation


















































where x = αt, a = α2τ+i, and b = α j.
2.4 Characters and Weil’s Bound
For a finite abelian group G, a character of G is a homomorphism from G to the
multiplicative group of complex numbers with absolute value 1. For a finite field, there
are two kinds of characters for the additive group and the multiplicative group of the
field, namely, an additive character and a multiplicative character.
The canonical additive character of Fpn is defined as
χ1(x) = ωtr
n
1(x) for all x ∈ Fpn .
From the property of the trace function, we have χ1(x1 + x2) = χ1(x1)χ1(x2). Every
additive character of Fpn can be obtained as χb(x) = χ1(bx), for all b, x ∈ Fpn . Note
that the cross-correlation functions in (2.3) and (2.5) are expressed as a sum of the
additive characters with polynomial arguments.
A multiplicative character of Fpn is defined as
ψ j(αk) = e
2π
√−1 jk
pn−1 for k = 0, 1, . . . , pn − 2.
15
Every multiplicative character of Fpn is obtained for each j = 0, 1, ..., pn − 2. If j =
pn−1
2 , then the character η(x) = ψ(pn−1)/2(x) takes the value 1 if x is a square in F
∗
pn , i.e.,
if x is expressed as a square of some element in F∗pn , and takes −1 if x is a nonsquare.
This multiplicative character η(x) is called the quadratic character of Fpn . It is defined
that η(0) = 0.
The following lemma for the character sums, which is given by Weil [48], provides
the upper bound on the magnitude of the sum of a product of an additive and a multi-
plicative characters.
Lemma 2.1. (Weil’s bound [48]) Let q = pn, χ be an additive character of the finite
field Fq, and ψ a multiplicative character of Fq of order m. Let f (x) ∈ Fq[x] be of
degree e ≥ 1 and g(x) ∈ Fq[x] be with s distinct roots in F̄q[x], where g  c · hm for



















where k|n, ci ∈ Fpk , and {α1, . . . , αn/k} is a basis of Fpn over Fpk . The basis {α1, . . . , αn/k}
is said to be trace-orthogonal if
trnk(αiα j) =
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
di, if i = j
0, otherwise
where di ∈ F∗pk . It is known that for any odd prime p, there exists a trace-orthogonal
basis of Fpn over Fpk [49].
2.6 Known Exponential Sums
The following two lemmas for exponential sums were introduced by Helleseth [27]
to evaluate the values of the cross-correlation functions.











pn, if a + ap
n
2 = 0












pn, if a = 0
(−1)n+1((−1) p−12 p) n2 , if a is a square
(−1)n((−1) p−12 p) n2 , if a is a nonsquare.

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2.7 Cross-Correlation of p-ary Kasami Sequence Family
In [7], p-ary Kasami sequence family was constructed and the complete value dis-
tribution on the correlation of the sequence family was derived. For an odd prime p
and two positive integers n,m with n = 2m, p-ary Kasami sequence family is defined
as





and γi takes on each value of Fpm for 1 ≤ i ≤ pm.





























where x = αt, u = ατ − 1, and v = γ j − γiα(pm+1)τ. Note that v ∈ Fpm . When u = 0,
then τ = 0 and v = γ j − γi = 0 if and only if i = j. This corresponds to the trivial
autocorrelation, namely, the autocorrelation with τ = 0. When u = 0 and v  0, the
cross-correlation can be computed by using Lemma 2.2. When u  0 and v = 0, the
cross-correlation equals −1 from the property of the trace function.
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When u  0 and v  0, it can be shown that Ci, j(τ) is equivalent to the cross-
correlation between a p-ary m-sequence and its decimated sequence by the decimation















where x = αt and a = ατ. The value distribution of (2.8) is derived as follows.
Lemma 2.4. ([7]) Let p be an odd prime and n,m be positive integers with n = 2m.
Let s(t) be a p-ary m-sequence of period pn − 1. Then the distribution of the cross-
correlation between s(t) and s((pm + 1)t) is given as
C(τ) =
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
−1 − pm, (pm−1 − 1)(pm + 1) times
−1 − ωk pm, pm−1(pm + 1) times for k = 1, 2, ..., p − 1.

Lemma 2.4 is obtained by changing the variables in (2.8) and by using Lemma
2.2 and the property of the trace function. The total value distribution of the cross-
correlation of p-ary Kasami sequence family is then derived by calculating the number
of occurrences of each case for u and v.
Lemma 2.5. ([7]) The correlation values of the family of p-ary Kasami sequences
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defined in (2.6) have the following distribution:
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
−1 + pn, pm times
−1, (pn − 2)pm times
−1 − pm, pm(pm − 1) + (pn − 2)pm(pm−1 − 1) times
−1 − ωk pm, (pn − 2)pn−1 times for k = 1, 2, ..., p − 1.

2.8 Previous Results on the Cross-Correlation for Decima-
tions with gcd(pn − 1, d) = pn/2+12
In this section, some previous results on the cross-correlation between a p-ary m-
sequence and its decimated sequences are presented, which are related to this disser-
tation. The decimation factors d have the property gcd(pn − 1, d) = pn/2+12 .
In [37], for an odd prime p and n = 4k, the cross-correlation between a p-ary m-






vestigated. Later, it was proved in [38] that the result in [37] also holds when n = 2m
and pm ≡ 1 (mod 4).
Lemma 2.6. ([37], [38]) Let p be an odd prime and n,m be positive integers with




. The cross-correlation distribution between s(t) and its decimated sequences
s(dt + l), 0 ≤ l < pm+12 is given as:
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−1 − pm, pn−14 times
−1 + pm, pm+12 times
−1 + 2pm, pn−18 times.




−1 − pm, (pm+1)(3pm−7)8 times
−1 + pm, (pm+1)(pm+3)8 times
−1 + 2pm, pn−18 times.

To derive the value distribution of the cross-correlation function as in Lemma 2.6,
the possible number of the cross-correlation values is determined first. Then, by solv-









l (τ), the distribution of the cross-correlation can be computed.
Now we consider the decimation factor d = (p
m+1)2
2(pe+1) , where p is an odd prime and
n,m, e are positive integers with n = 2m and m/e is odd. The decimations of this kind
was first studied by Choi et al. [39], where e = 1 and m is an odd integer. The result in
[39] was later generalized in [40]-[42].
To evaluate the values of the cross-correlation in [42], a quadratic form and its rank
distribution are investigated. A quadratic form in s variables over Fpn is a homoge-
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neous polynomial of degree 2, which is expressed as
f (x1, · · · , xs) =
s∑
i, j=1
ai j xix j with ai j = aji.
Let A be a s × s symmetric matrix whose (i, j) entry is ai j. The matrix A is called
the coefficient matrix of f and the rank of the quadratic form is defined as the rank
of A. The cross-correlation function is transformed into the exponential sums in terms
of quadratic forms and by calculating the rank distribution of the quadratic forms, the
value distribution of the cross-correlation is derived.
Lemma 2.7. ([42]) Let n,m, and e be the positive integers such that n = 2m and m/e
is odd. Let s(t) be a p-ary m-sequence of period pn−1 and d = (pm+1)22(pe+1) . Then, the value
distribution of the cross-correlation between s(t) and its decimated sequence s(dt) is
given as follows:




−1 + pm, (pe−1)(pm+1)24(pe+1) times
−1 − pm, pn−14 times
−1 + 1±pe/22 pm, p
m−e(pm+1)
2 times








−1 + pm, (pm+1)24 times











2.9 Cross-Correlation Between Two Decimated Sequences
by 2 and d = 4 or p
n+1
2
In [46], new p-ary sequence families of period p
n−1
2 were constructed by using two
decimated sequences of a p-ary m-sequence of period pn − 1. The decimation factors
are 2 and d = 4 or p
n+1
2 , where p ≡ 3 (mod 4) and n is odd. Note that in both cases,
gcd(pn − 1, d) = 2. The sequence family is defined as




where s(t) is a p-ary m-sequence of period pn − 1. The family size is 2(pn − 1). It was
proved in [46] that the family S has good correlation property.
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where a = α2τ+i1 − αi2 and b = αdl2+ j2 − αd(τ+l1)+ j1 . Let x = α2t and QR denote the set






















where η(·) is the quadratic character of Fpn .
Lemma 2.8. ([46]) Let p be an odd prime with p ≡ 3 (mod 4) and n be an odd integer.








The upper bound in Lemma 2.8 is derived by using Weil’s bound (see Lemma 2.1)



















Combining the above two results, the upper bound for C(τ) is obtained.
Note that in [46], the case of p ≡ 3 (mod 4) and odd n was considered only, but
when d = 4, it can be verified that the result of Lemma 2.8 also holds for any odd
prime p and any positive integer n.
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Chapter 3
New p-ary Sequence Families of Period p
n−1
2 with Good
Correlation Property Using Two Decimated Sequences
In this chapter, constructions of two new p-ary sequence families with good correla-
tion property using two decimated sequences are proposed. First, the cross-correlation
between two decimated sequences s(2t + i) and s(dt) is investigated, where s(t) is a p-
ary m-sequence of period pn − 1, p is an odd prime, and i = 0, 1. Here two decimation
values d are considered, that is, the first one is d = (p
m+1)2
2 with n = 2m and p
m ≡ 1
(mod 4), where d2 = (
pm+1
2 )
2 is studied in [37][38], and the second one is d = (p
m+1)2
pe+1
with n = 2m and odd m/e, where d2 =
(pm+1)2
2(pe+1) is investigated in [39]-[42]. Note that in
both cases, gcd(pn − 1, d) = pm + 1. For each case, the possible cross-correlation val-
ues and the cross-correlation distribution are derived. Then by using these decimated
sequences, new p-ary sequence families of period p
n−1
2 are constructed. The possible
nontrivial correlation values of the sequence families are the same as the values of the
cross-correlation between the two decimated sequences. Also the distribution of the
correlation of each sequence family is derived.
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The construction method of the proposed p-ary sequence families is similar to that
of p-ary Kasami sequence family in [7], that is, s(t) and s(dt) are sequences in the field
Fpn and its subfield Fpm , respectively with n = 2m because gcd(pn−1, d) = pm+1. The
period of the proposed sequences is N1 =
pn−1
2 while the period of Kasami sequences
is N2 = pn − 1. Compared the proposed two sequence families with Kasami sequence
family, the family size of the proposed sequence families is approximately 3
√
N1 while
that of Kasami sequence family is approximately
√
N2. The maximum magnitudes of





N1 while that of Kasami sequence family is approximately
√
N2.
3.1 Cross-Correlation for the Case of d = (p
m+1)2
2
Throughout this section, the following notations will be used:
• pm ≡ 1 (mod 4) ;
• n = 2m;
• d = (pm+1)22 ;
• N = pn−12 ;




• δ is a primitive element of Fpn ;
• β = δ p
m+1
2 ;
• γ = δ2(pm−1);
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• α = βγ.
Then, the following properties hold:
• gcd(pn − 1, d) = pm + 1;
• gcd((pm + 1)/2, 2(pm − 1)) = 1;
• α = βγ is a primitive element of Fpn because gcd((pm + 1)/2, 2(pm − 1)) = 1;
• βpm = −β;
• βd′ =
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
β, if pm = 5 mod 8
−β, otherwise;
• γpm = γ−1 and γd′ = 1;
• For any positive integer t, γt  −1.
These notations and properties are from [37] with some minor changes.
In this section, the cross-correlation distribution between s(2t + i) and s(dt) is de-
rived, where s(t) is a p-ary m-sequence of period pn − 1 and i = 0, 1. As shown in























where x = αt and a = α2τ+i.
First, the possible cross-correlation values of s(2t + i) and s(dt) are determined.
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Theorem 3.1. Let n, m be the positive integers such that n = 2m with pm ≡ 1 (mod 4).
Let s(t) be a p-ary m-sequence of period pn − 1 and d = (pm+1)22 . Then, the cross-
correlation function between its decimated sequences s(2t + i) with i ∈ {0, 1} and s(dt)

















, for i = 1.
Proof: By using the similar method as in the proof of Theorem 2 in [37], this theo-
rem can be proved. Let x = α jy
pm+1
2 , where y ∈ Fpn and 0 ≤ j < p
m+1
2 . Then, as y runs





2 d = yp





































pm+1(aα2 j−αd j)). (3.2)
Let K(a) denote the number of solutions j of
(aα2 j − αd j)pm + aα2 j − αd j = 0 (3.3)

















Therefore, we can determine the possible values of cross-correlation function by ob-
taining the possible values of K(a).




mk − (βγ)d′pmk + a(βγ)k − (βγ)d′k = 0 (3.5)




βkγ−k − βk + aβkγk − βk = 0
and by multiplying β−kγk, we have
aγ2k − 2γk + apm = 0. (3.6)
This is a quadratic equation of γk and the possible number of solutions is 0, 1, or 2.
Suppose that (3.6) has two distinct solutions γs1 and γs2 , where s1 and s2 are both even.






2(s1 + s2) = 2τ + i mod pm + 1.
Note that the left-hand side is always even. When i = 1, the right-hand side is odd and
(3.6) cannot have two distinct solutions. Therefore, the possible values of K(a) are 0,
1, 2 for i = 0 and 0, 1 for i = 1. Thus the theorem is proved. 
In order to derive the cross-correlation distribution, we need two linear equations
for i = 1 and three linear equations for i = 0. Let N j be the number of occurrences
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of each possible cross-correlation value as τ runs over 0 ≤ τ ≤ N − 1. For the case of
i = 1, by calculating
∑N−1
τ=0 C(a) with N1 + N2 =
pn−1
2 , the value distribution of C(a)





2(a) with N1 + N2 + N3 =
pn−1




τ=0 C(a) is computed as in the following lemma.







n + 2pm + 1), for i = 0
1
















































2 (−pm − 1), for i = 0
1
2(p
m − 1), for i = 1.
(3.7)
Next, since gcd(pn − 1, d) = pm + 1, xd runs through F∗pm pm + 1 times as x runs












m+1) = −pm − 1. (3.8)
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Combining (3.7) and (3.8), the lemma can be proved. 





(i) For z ∈ F∗pn , the number of solutions of 1 + zd = 0 is pm + 1.
(ii) For z ∈ F∗pn satisfying 1 + zd = 0, we have
1 + z2 ∈
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
{0}, 2 times
QNR, pm − 1 times
where QNR is the set of nonsquares in F∗pn .
(iii) If 1 + zd  0, 1 + zd + (1 + zd)p
m
 0.
Proof: (i) Since gcd(pn − 1, d) = pm + 1, the mapping z→ zd is a pm + 1 to 1 map-
ping from F∗pn onto F
∗
pm . Thus the number of solutions of 1 + z
d = 0 is pm + 1.
(ii) From (i), the number of z satisfying 1 + zd = 0 is pm + 1. There are two val-
ues of z satisfying 1 + z2 = 0 and for those z, zd = z2d
′
= (−1)d′ = −1 holds since d′
is odd. Next, from Case 1-2 of Theorem 8 in [37], it is shown that for a square x
satisfying 1 + xd
′
= 0, 1 + x cannot be a square. Thus we have that for z satisfying
1 + zd = 1 + (z2)d
′
= 0, 1 + z2 can be either 0 or a nonsquare. Since there are two z’s
satisfying 1 + z2 = 0, 1 + z2 ∈ QNR holds for other pm − 1 values of z.
(iii) For 1 + zd  0, we have
1 + zd + (1 + zd)p
m
= (1 + zd)(1 + (1 + zd)p
m−1).
Since zd ∈ F∗pm and 1 + zd  0, 1 + zd ∈ F∗pm and therefore (1 + zd)p
m−1 = 1. Then the
proof is done. 
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Lemma 3.4. (Theorem 67, [50]) Let S denote the number of squares σ2 ∈ F∗
pk
for
which σ2 + 1 is a square and NS the number of squares ν2 ∈ F∗
pk
for which ν2 + 1 is a




(pn − 5), NS = 1
4




(pn − 3), NS = 1
4





2(a) is calculated in the following lemma.













































































































For z ∈ F∗pn , from Lemma 3.4, we have















X(x1, y, z) =
∑
x1∈F∗pn
2 · ω−trn1(xd1 ·0)(pn − 1)
= 2(pn − 1)2. (3.11)




















(pm + 1)2. (3.12)
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= (pm − 1)
[
(pm − 1)(pn − 1) +
(






Combining (3.11), (3.12), and (3.13),
∑N−1
τ=0 C
2(a) can be computed and the proof is
complete. 
Now, the cross-correlation distribution between s(2t + i) and s(dt) can be derived as
in the following theorem.
Theorem 3.6. Let n, m be the positive integers such that n = 2m with pm ≡ 1 (mod 4).
Let s(t) be a p-ary m-sequence of period pn − 1 and d = (pm+1)22 . Then the distribution
of the cross-correlation function between s(2t + i), i ∈ {0, 1} and s(dt) is given as:
















n − 1) times.












n − 1) times.
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2 , N1 times
−1+pm
2 , N2 times
−1+3pm
2 , N3 times
as τ runs over 0 ≤ τ ≤ pn−32 and a = α2τ. Then, the values N1, N2, and N3 can be derived
by solving the following system of equations obtained from Theorem 3.1, Lemma 3.2,
and Lemma 3.5;


























3p2n − 6pn − 4pm − 1
8
.
For i = 1, the cross-correlation distribution can be similarly derived. 
Here are two examples of the cross-correlation between s(2t + i) and s(dt).
Example 3.7. Consider the case p = 3, n = 8, and m = 4. Then pm ≡ 1 (mod 4) and
d = (p
m+1)2
2 = 3362. By numerical computations, the value distribution of the cross-
correlation function between two decimated sequences s(2t + i) and s(dt), i ∈ {0, 1} is
given as:












Example 3.8. Let p = 5, n = 6, and m = 3. Then d = (p
m+1)2
2 = 7938 and by computer
experiment, the cross-correlation is given as:











It can be checked that the above examples coincide with the result in Theorem 3.6.
3.2 Cross-Correlation for the Case of d = (p
m+1)2
pe+1
In this section, it is assumed that n = 2m, e|m with odd m/e, and d = (pm+1)2pe+1 . First,















where x = αt and γ = ατ. In [42], the distribution of Cd′(γ) is studied by using the
quadratic form Qa,b(x) = trn1(ax
pm+1 + bxp
m+e+1). Let σ be a fixed nonsquare in Fp2e .
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[E(−1, γ) + E(−σd′ , σγ)] − 1 (3.15)

























(E(−1, a) − 1) (3.16)
where a = α2τ+i. Hence, the distribution of C(a) can be derived by determining the
distribution of E(−1, a) for the cases of i = 0 and i = 1, respectively. For γ ∈ F∗pn , the
distribution of E(−1, γ) is given in [42] as follows.
Lemma 3.9. ([42]) Let Qa,b(x) = trn1(ax
pm+1 + bxp










ηe(−1)pm+ e2 , p
m−e(pm+1)
2 times
−√ηe(−1)pm+ e2 , pm−e(pm+1)2 times
−pm+e, (pm−e−1)(pm+1)p2e−1 times
where ηe(·) is the quadratic character of Fpe . 
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Also, it can be shown by applying Lemma 8 in [42] that when γ is a nonsquare,
E(−1, γ) can only have two values, ±pm. When i = 1, a is a nonsquare and in that case,




2 . In order to find the value distribution of
C(a) for i = 1, we need to calculate
∑N−1
τ=0 C(a) for i = 1. This can be obtained similarly
to Lemma 3.2 and thus its proof is omitted.






4 (−pn + 1), for pm ≡ 1 (mod 4)
1
4 (p
n + 2pm + 1), for pm ≡ 3 (mod 4).

Now the cross-correlation distribution is derived as in the following theorem.
Theorem 3.11. Let n, m, and e be the positive integers such that n = 2m and e|m with
odd m/e. Let s(t) be a p-ary m-sequence of period pn − 1 and d = (pm+1)2pe+1 . Then the
cross-correlation distribution between s(2t + i), i ∈ {0, 1} and s(dt) is given as:
(i) For i = 0;

















































(ii) For i = 1;












n − 1) times.












n − 2pm − 3) times.
Proof: For i = 1, the value distribution can be derived by using Lemma 3.10 and
the same method in Theorem 3.6. For i = 0, the value distribution can be derived by
excluding the values of C(a) for i = 1 from the distribution of E(−1, γ) for γ ∈ F∗pn as
in Lemma 3.9. 
Some examples of Theorem 3.11 are given below.
40
Example 3.12. Let p = 5, n = 6, m = 3, and e = 1. Then pm ≡ 1 (mod 4) and
d = (p
m+1)2
pe+1 = 2646. By computer experiment, the value distribution of the cross-
correlation function between two decimated sequences s(2t + i) and s(dt), i ∈ {0, 1} is
given as:













It can be easily verified that the above example coincides with Theorem 3.11.
Example 3.13. Let p = 3, n = 10, m = 5, and e = 1. Then pm ≡ 3 (mod 4) and
d = (p
m+1)2
pe+1 = 14884. By numerical computations, the value distribution of the cross-
correlation is given as:
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2 , 9882 times
−1−35.5 i
2 , 9882 times
−365 2440 times.





This result also coincides with Theorem 3.11. Note that ηe(−1) = −1 since −1 ≡ 2
is a nonsquare in F3, and the value
−1−pm
2 = −122 does not occur because
(pm+e − 2pm − 2pe + 3)(pm + 1)
2(pe − 1) =
1
4
(pn − 2pm − 3) = 14640
in this case.
Example 3.14. Now consider the case p = 7, n = 4, and m = e = 2. Then pm ≡ 1
(mod 4) and d = (p
m+1)2
pe+1 = 50. By computer experiment, the value distribution of the
cross-correlation function between two decimated sequences is given as:













Note that when m = e, the decimation factor d = pm + 1 is the value which is used
to construct p-ary Kasami sequence family.
3.3 Construction of New Sequence Families
By using the decimated sequences studied in the previous sections, two new p-ary
sequence families can be constructed.




m ≡ 1 (mod 4) and d2 = (p
m+1)2
pe+1 with odd m/e, new families
of p-ary sequences of period N = p
n−1
2 are defined as






The properties of the proposed sequence family Sk are given in the following theo-
rems.
Theorem 3.16. Let Sk be the p-ary sequence family defined in Definition 3.15. Then
the family size of Sk is 2pm and the values of the nontrivial correlation are the same
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as the values of the cross-correlation function between s(2t + i), i ∈ {0, 1} and s(dkt) in
Theorems 3.6 and 3.11.
Proof: Consider the case of k = 1. Let s1(t) = si,γ1 ,1(t) ∈ S1 and s2(t) = s j,γ2 ,1(t)



























where x = αt, u = α2τ+i − α j, and v = γ2 − γ1αd1τ. It is clear that when i  j, u can’t be
zero and when i = j, u = 0 if and only if τ ≡ 0 (mod N). And when τ ≡ 0 (mod N),
v = 0 if and only if γ1 = γ2. Thus the correlation function gives the trivial autocor-
relation only when τ ≡ 0 (mod N), i = j, and γ1 = γ2. It means that s1(t) and s2(t)
are cyclically distinct when (i, γ1)  ( j, γ2) and therefore, the family size of S1 can be
obtained as 2 × pm from i ∈ {0, 1} and γ ∈ Fpm .
Next, it can be shown that the nontrivial values of Cs1,s2(τ) are the same as the values
of C(a), which are investigated in Theorem 3.6. Clearly, u can be 0, a square, or a non-
square and since gcd(pn − 1, d1) = pm + 1, αd1τ ∈ F∗pm and v ∈ Fpm . Also, xd1 ∈ F∗pm
and thus when v  0, two sequences trn1(x
d1) and trn1(vx
d1 ) are cyclically equivalent.
Therefore, when u  0 and v  0, the nontrivial correlation Cs1,s2(τ) has the same val-
ues as C(a) in Theorem 3.6.













This is obtained by the same way as in (3.8). And when v = 0 and u  0, the correlation














2 , which are included in the values of C(a) in Theorem 3.6.
Therefore, it is shown that for every nontrivial correlation, the values of Cs1,s2(τ) are
the same as the values of C(a) in Theorem 3.6. The case of k = 2 can be proved by the
same method. Thus the proof is complete. 
Now the distribution of correlation values of sequences in each proposed sequence
family is derived. First consider the sequence family S1.
Theorem 3.17. Let S1 be the p-ary sequence family defined in Definition 3.15. Then


















n − 2)pm(pm − 1) times.
Proof: For s1(t) = si,γ1,1(t) ∈ S1 and s2(t) = s j,γ2,1(t) ∈ S1, the cross-correlation be-
tween two sequences s1(t) and s2(t) is given in (3.19). This can be divided into four
cases with respect to the values of u and v, where u = α2τ+i − α j and v = γ2 − γ1αd1τ.
(i) u = 0 and v = 0; As discussed in Theorem 3.16, it occurs when i = j, τ = 0, and
γ1 = γ2 and this corresponds to the trivial autocorrelation. The number of occurrences




(ii) u = 0 and v  0; u = 0 when i = j and τ = 0. Then for a fixed γ1, there are pm−1
choices for γ2 such that v  0. Therefore, the case u = 0 and v  0 occurs 2pm(pm − 1)
times and the value of the cross-correlation is −1−p
m
2 as given in (3.20).
(iii) u  0 and v = 0; First consider the case i = j. Then τ  0 and for fixed τ and γ1,
there is a unique γ2 such that v = 0. There are two choices for i, N − 1 = p
n−3
2 choices
for τ, and pm choices for γ1 and thus this case occurs (pn − 3)pm times. Next, suppose
that i  j. There are two choices for i and j, N = p
n−1
2 choices for τ, and p
m choices
for γ1. Therefore, this case occurs (pn − 1)pm times.
Combining the above two cases, the case u  0 and v = 0 occurs 2(pn − 2)pm times.
The cross-correlation in this case is given in (3.21) and the possible values are −1−p
m
2
for a square u and −1+p
m
2 for u a nonsquare. Note that for a fixed j = 0, 1, u takes every
nonzero element in Fpn except −α j as i and τ change. Thus the value distribution for




n − 2)pm times
−1+pm
2 , (p
n − 2)pm times.
(iv) u  0 and v  0; Similarly to (ii) and (iii), there are 2(N − 1) + 2N = 2(pn − 2)
choices for u  0 and for those u’s and a fixed γ1, there are pm − 1 choices for γ2 such
that v  0. Therefore, the case u  0 and v  0 occurs 2(pn − 2)pm(pm − 1) times.
Next, consider the cross-correlation between s(2t + i), i ∈ {0, 1} and s(d1t) again.
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where x = αt, b = αdτ, and 0 ≤ τ < N. The value distribution of C(b) in (3.22) is the
same as the distribution given in Theorem 3.6.
Now let u = α2k+l, where 0 ≤ k < N and l ∈ {0, 1}. Also, let y = αk x and then the










where δ = v(αk)d . For a fixed j, u takes every nonzero element in Fpn except −α j as i and
τ change and thus the number of occurrences of l = 0 and l = 1 is the same. For each

















n − 2)pm(pm − 1) times.






Combining the results of (i), (ii), (iii), and (iv), the distribution of correlation values
of sequences in the family S1 is derived. 
47
The distribution of correlation values of sequences in the family S2 can be derived
similarly as Theorem 3.17 and the result is given without proof.
Theorem 3.18. Let S2 be the p-ary sequence family defined in Definition 3.15. Then

































Examples of Theorems 3.17 and 3.18 are given below.
Example 3.19. Let p = 5, n = 4, m = 2, and consider the family S1. The size of
the family is 2pm = 50 and by numerical computations, the distribution of correlation






It can be verified that the above example coincides with Theorem 3.17.
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Example 3.20. Now consider the family S2 and the parameters are p = 3, n = 6,
m = 3, and e = 1. The size of the family is 2pm = 54 and by computer experiment, the






2 i, 176661 times
−1−33.5
2 i, 176661 times
−41, 39258 times.
This result coincides with Theorem 3.18.
Example 3.21. Let p = 5, n = 4, and m = e = 2. By computer analysis, the distribu-







This example also coincides with Theorem 3.18.
The parameters of some well known sequence families and the new sequence fam-
ilies S1 and S2 derived in this dissertation are listed in Table 3.1. Compared the pro-
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posed two p-ary sequence families with p-ary Kasami sequence family in [7], the fam-
ily size of the proposed sequence families is approximately 3
√
N while that of Kasami
sequence family is approximately
√
N, where the period of the proposed sequences is
half of that of Kasami sequence. The maximum magnitudes of correlation values of




N while that of




Table 3.1: Comparison with some well-known families of sequences (p is an odd
prime)
Family Alphabet Period N Cmax Family size
Gold [1] 2 2n − 1 1 + 2√N + 1 N + 2
Kasami [2] 2 2n − 1 1 + √N + 1 √N + 1
Bent [3] 2 2n − 1 1 + √N + 1 √N + 1
Trachtenberg [26] p pn − 1 1 + √(N + 1)p N + 2
Helleseth [27] p pn − 1 1 + 2√N + 1 N + 2
Kumar, Moreno [6] p pn − 1 1 + √N + 1 N + 1
Liu, Komo [7] p pn − 1 1 + √N + 1 √N + 1
Zeng et al. [10] p pn − 1 1 + √(N + 1)p (N + 1)3/2
Gong [12] p (pn − 1)2 2√N + 3 N + 2
Kim et al. [16] M pn − 1 3√N + 1 + 5 (M − 1)2( N2 − 1) + M(M−1)2
Han, Yang [17] M pn − 1 2√N + 1 + 6 (M−1)2 N + M−12 
Yu, Gong [18] M pn − 1 3√N + 1 + 5 M(M−1)(N−1)2 + M − 1
Yu, Gong [19] M pn − 1 5√N + 1 + 7 (M − 1) + ( N−22 )(M − 1)2
+
(N−2)(N−4)
8 (M − 1)3
Kim et al. [43] p ≡ 3 (mod 4) pn−12 2
√
N + 12 4N




eN + 1 e2N






N + 12 +
1
2 4N
Lee et al. [46] p ≡ 3 (mod 4) pn−12 3√2
√
N + 12 +
1
2 4N






N + 12 − 12 4N
S1 p pn−12 3√2
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Upper Bound on the Cross-Correlation Between Two
Decimated p-ary Sequences
In this chapter, for an odd prime p, an upper bound on the magnitude of the cross-
correlation between two decimated sequences of a p-ary m-sequence is derived. Let
s(t) be a p-ary m-sequence of period pn−1, where n = 2m is an even integer and pm ≡ 1
(mod 4). Then the two decimated sequences are written as s(2t+i) and s(2(pm+1)t+ j),
where i = 0, 1 and j = 0, pm + 1. The upper bound is derived as 32 p
m + 12 , which is the
same as that in [46]. It is obtained by showing equivalence to the exponential sum in
[46] and applying Weil’s bound.
Also, using the above result of the cross-correlation between two decimated se-
quences, an upper bound of cross-correlation magnitude between a p-ary m-sequence
and its decimated sequence is derived. The decimation factor is (p
m+1)2
2 , where n = 2m
and pm ≡ 1 (mod 4). Note that this decimation factor is investigated in the previous




4.1 Cross-Correlation Between s(2t + i) and s(2(pm + 1)t + j)
In this section, for a p-ary m-sequence s(t) of period pn −1 and n = 2m with pm ≡ 1
(mod 4), the cross-correlation function between two decimated sequences s(2t+ i) and
s(2(pm + 1)t + j) is investigated, where i = 0, 1, and j = 0, pm + 1. In fact, these
two sequences correspond to the p-ary sequences used for the construction of Kasami
sequences decimated by 2. Note that gcd(pn−1, 2(pm+1)) = 2(pm+1). Only two values
{0, pm + 1} for j are considered because for any other shift value j, s(2(pm + 1)t + j)
becomes a cyclically shifted sequence of s(2(pm + 1)t) or s(2(pm + 1)t + pm + 1), or
becomes an all-zero sequence. From the properties of the trace function, we have









j) · α2(pm+1)t). (4.1)
The sequence trm1 (α
2(pm+1)t) can be considered as a decimated sequence of an m-
sequence s′(t) = trm1 (α
(pm+1)t) of period pm − 1 by the decimation factor 2. Thus, the
two distinct decimated sequences are s′(2t) and s′(2t + 1), which correspond to j = 0
and j = pm + 1 for s(2(pm + 1)t + j), respectively. Also, s(2(pm + 1)t + j) becomes an
all-zero sequence when trnm(α
j) = 0.





























where x = αt, a = α2τ+i, and b = α j. Let y = x2 and QR denote the set of squares in
F∗pn . Then as x runs through F
∗


























where η(·) is the quadratic character of Fpn . Note that the cross-correlation function
(4.3) is expressed similarly to (2.10).










m + 1. (4.4)
Thus, the upper bound of the cross-correlation magnitude |Cb(a)| can be obtained by








To find the upper bound of |S (y)|, the following lemma is used.
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Lemma 4.1. For an odd prime p, two integers n, m with n = 2m, and pm ≡ 1 (mod 4),
there exist a′, b′, and z ∈ F∗pn satisfying
trn1(ay − byp
m+1) = trn1(a
′z − b′z2) (4.6)
where as y runs through F∗pn , z also runs through all elements in F
∗
pn .
Proof: Using the property of the trace function, we have
trn1(by
pm+1) = trm1 (tr
n
m(by
pm+1)) = trm1 (2by
pm+1)
since b = 1 or αp
m+1 ∈ Fpm and ypm+1 ∈ Fpm . Let y = c1α1 + c2α2, where {α1, α2} is a
trace-orthogonal basis of Fpn over Fpm and c1, c2 ∈ Fpm . Then, we have
trnm(by






1 α2 + α1α
pm
















It is easy to check that for b = 1 or αp
m+1, the sequence trm1 (2by
pm+1) is the same
sequence of period pm−1 with respect to cyclic shift. Therefore it can be assumed that














′z2) = trm1 (tr
n
m(b
′z2)) in (4.6), suppose that b′ ∈ QR. Then without loss of
generality, it can be assumed that b′ = 1 because another element z′ ∈ Fpn can be



















= e21d1 + e
2
2d2 (4.9)
where d1, d2 ∈ F∗pm and the last equality holds from the property of the trace-orthogonal
basis.
From (4.8), the basis {α1, α2} satisfying trnm(αp
m
1 α2) = 0 can be chosen as follows.
From the property of the trace-orthogonal basis, we have




















1 α2) = α
pm













2 = 1 and (αp
m−1
2 )
2 = 1. (4.11)
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From (4.10) and (4.11), we have
α
pm−1





1 = −1 and αp
m−1
2 = 1. (4.12)
Any choice of (α1, α2) in (4.12) satisfies the trace-orthogonal property and the equation
trnm(α
pm
1 α2) = 0. Thus from now on, simply let
















Then c1, c2, e1, and e2 can be selected such that trnm(y
pm+1) = trnm(z
2) holds. One simple
choice of c1, c2, e1, and e2 is
c1 = e1 and c2 = α
pn−1
4 e2. (4.14)
Next, the values a and a′ such that the equation trnm(ay) = trnm(a′z) holds are found,
where the relationship between y and z is given in (4.14). Let a = u1α1 + u2α2 and
a′ = v1α1 + v2α2, where u1, u2, v1, v2 ∈ Fpm . Then trnm(ay) can be rewritten as
trnm(ay) = tr
n
m((u1α1 + u2α2)(c1α1 + c2α2))
= trnm(c1u1α
2




By choosing the trace-orthogonal basis as in (4.13), we have




′z) = 2(e1v1 + e2v2αp
m+1).
Suppose that trnm(ay) = tr
n
m(a





4 = e1v1 + e2v2αp
m+1. (4.15)
There are many choices of u1, u2, v1, and v2 satisfying (4.15). A straightforward exam-
ple is given as
u1 = v1 and α
pn−1
4 u2 = v2. (4.16)
From the discussions above, the conditions for the functions trnm(ay − ypm+1) and
trnm(a
′z − z2) to be equivalent have been found. Clearly, for fixed a and a′ satisfying
(4.16), as y runs through F∗pn , z satisfying (4.14) runs through F
∗
pn . Also note that for
b = αp
m+1 and any other square b′, the relationship between (a, y) and (a′, z) such that
(4.6) holds can be found in the similar way. 
Theorem 4.2. For an odd prime p, two integers n, m with n = 2m, and pm ≡ 1 (mod 4),












Proof: Let g be a function in Fpn [x] which maps z to y. It can be proved that such a
function g exists and it has only one root 0 as follows. Consider the case b = b′ = 1.
Let the basis of Fpn over Fpm be given in (4.13) and the relationship between y and z
be given in (4.14). Suppose that g(z) = y. From z = e1 + e2α(p
m+1)/2 and the property
of the trace function, we have
2−1trnm(z) = c1
because trnm(α
(pm+1)/2) = 0 and e1, e2 ∈ Fpm . And similarly, we have
2−1 · α p
n−1
4 trnm(z · α−
pm+1
2 ) = c2.
Therefore, the function g can be given as
g(z) = 2−1(trnm(z) + α
(pm+1)2
4 · trnm(z · α−
pm+1
2 )).
It is obvious that g(z) is a 1-to-1 function and has 0 as only one root. For b = αp
m+1
and any b′ ∈ QR, the function g : z→ y can also be obtained similarly.



















and thus it is proved. 
Now the upper bound on the magnitude of the cross-correlation between the two
decimated sequences is given in the following theorem.
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Theorem 4.3. Let p be an odd prime, n, m be the positive integers such that n = 2m
with pm ≡ 1 (mod 4), i = 0, 1, and j = 0, pm + 1. Let s(t) be a p-ary m-sequence
of period pn − 1. Then the magnitude of the cross-correlation function between its
decimated sequences s(2t + i) and s(2(pm + 1)t + j) is upper bounded as





Proof: Combining (4.4) and (4.17), the magnitude of the cross-correlation function




























Some computer analysis on the cross-correlation between the two decimated se-
quences s(2t + i) and s(2(pm + 1)t + j) is given in Table 4.1.
From Table 4.1, it can be verified that the every maximum cross-correlation mag-
nitude obtained from computer experiment is smaller than the upper bound derived in
Theorem 4.3. And as can be seen in the examples, the cross-correlation between these
two decimated sequences has a lot of distinct values, with respect to the values of i
and j. Therefore, it seems very hard to derive its value distribution. Also note that the
number of distinct correlation values increases as n or p increases.
Note that the upper bound in Theorem 4.3 is not tightly given, and actual maximum
magnitude of the cross-correlation can be smaller since the two exponential sums in
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Table 4.1: Numerical analysis of cross-correlation between s(2t+i) and s(2(pm+1)+ j)
with pm ≡ 1 (mod 4)
p n N = p
n−1
2 2(p
m + 1) Cmax(experiment) Upper bound No. of values
3 4 40 20 10.5807 14 10
3 8 3280 164 104 122 30
5 4 312 52 34.18 38 28
5 6 7812 252 174.045 188 80
7 4 1200 100 69.69 74 54
11 4 7320 244 181.83 182 130
13 4 14280 340 253.63 254 180
17 4 41760 580 415.262 434 304
(4.3) may not be possible to reach their maximum magnitude at the same phase simul-
taneously.
For short sequence period, i.e., small n and p, the possible numbers of values of ex-
ponential sums in (4.3) are small, and thus it may be difficult for two exponential sums
to have their maximum magnitudes and similar phases simultaneously. Therefore, for
small n and p, the cross-correlation magnitude is likely to be loose to the upper bound.
On the other hand, the maximum cross-correlation magnitude does not always be-
come closer to the upper bound as n or p increases. For example, when p = 17 and
n = 4, the maximum cross-correlation magnitude is given as 415.262, which is not
very close to the upper bound 32 p
m + 12 = 434. While the cases p = 11 or 13 and n = 4,
the maximum cross-correlation magnitudes are very close to their upper bounds. But
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Table 4.2: Numerical analysis of cross-correlation between s(2t+i) and s(2(pm+1)+ j)
with pm ≡ 3 (mod 4)
p n N = p
n−1
2 2(p
m + 1) Cmax(experiment) Upper bound No. of values
3 6 364 56 30.2623 41 16
3 10 29524 488 351.738 365 54
7 6 58824 688 510.988 515 220
generally, it seems that for sufficiently large sequence period, the maximum magnitude
of cross-correlation is somewhat close to the upper bound nevertheless.
Also, some results of computer experiments for the case pm ≡ 3 (mod 4) are given
in Table 4.2. From the numerical analysis in Table 4.2, it seems that the result in The-
orem 4.3 may also hold when pm ≡ 3 (mod 4). But it is not easy to prove because it is
difficult to find the conditions to satisfy (4.6).
Suppose that trnm(y
pm+1) = trnm(b
′z2) holds. First, it can be shown that when pm ≡ 3
(mod 4), no b′ ∈ QR can satisfy the equation above. Assume that there exists b′ ∈ QR
such that trnm(y
pm+1) = trnm(b
′z2) for any y ∈ F∗pn and as y runs through F∗pn , z also runs






























for pm ≡ 3 (mod 4) and a square b′. This contradicts the assumption and therefore b′
can’t be a square.
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Therefore, assume that b′ is a nonsquare and then without loss of generality, we can
let b′ = α. Similar to (4.9), trnm(αz2) can be rewritten as
trnm(αz















From (4.8) and (4.18), finding a condition for c1, c2, e1, and e2 to have trnm(y
pm+1) =
trnm(αz
2) does not seem to be an easy task. Thus, the following conjecture is proposed.
Conjecture 4.4. Let p be an odd prime, n, m be positive integers with n = 2m, i =
0, 1, and j = 0, pm + 1. Let s(t) be a p-ary m-sequence of period pn − 1. Then the
magnitude of the cross-correlation function between its decimated sequences s(2t + i)
and s(2(pm + 1)t + j) is upper bounded as






Remark 4.5. For an odd prime p and n = 2m, the cross-correlation between a p-ary















where x = αt, a = ατ, and b = αl. By computer experiments, the value distribution of
the cross-correlation Cl(τ) is given as
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(i) For pm ≡ 1 (mod 4) and l = 0; or for pm ≡ 3 (mod 4) and l = 1;
Cl(τ) =
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
−1 − pm, (pm−1 − 1)(pm + 1) times
−1 − ωk pm, pm−1(pm + 1) times for k = 1, 2, ..., p − 1.
(ii) For pm ≡ 3 (mod 4) and l = 0; or for pm ≡ 1 (mod 4) and l = 1;
Cl(τ) =
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
−1 + pm, (pm−1 + 1)(pm − 1) times
−1 + ωk pm, pm−1(pm − 1) times for k = 1, 2, ..., p − 1.
Note that the value distribution of Cl(τ) in case (i) is the same as that of the cross-
correlation between s(t) and s((pm + 1)t), which is presented in Lemma 2.4. When
pm ≡ 1 (mod 4) and l = 0, this result can be proved from the equivalence of two
functions trn1(ay − byp
m+1) and trn1(a
′z − b′z2), which is obtained in Lemma 4.1. Also,
from the case pm ≡ 3 (mod 4) and l = 1, it can be guessed that there exist a′, b′, and
z ∈ F∗pn satisfying (4.6) for a nonsquare b′, and Lemma 4.1 holds in this case.
From the result on the cross-correlation between two decimated sequences as in
Theorem 4.3, construction of new sequence families of period p
n−1
2 with low correla-
tion property can be considered. But it seems that construction of sequence families
with good correlation by using these two sequences is not a simple work.
Since gcd(pn − 1, 2(pm + 1)) = 2(pm + 1), a construction method similar to the
technique introduced in Chapter 3 may be applied. Let
S = {si,γ(t)|i ∈ {0, 1}, γ ∈ Fpm} (4.19)





Also, let s1(t) = si,γ1 (t) and s2(t) = s j,γ2(t) be two sequences in the set S, where
i, j ∈ {0, 1} and γ1, γ2 ∈ Fpm . Then the cross-correlation function between s1(t) and





























where x = αt, u = α2τ+i − α j, and v = γ2 − γ1α2(pm+1)τ. When u  0 and v  0, (4.21)
has the same form as (4.2), thus the upper bound on the magnitude of cross-correlation
3
2 p
m + 12 is obtained from Theorem 4.3. When u  0 and v = 0, the cross-correlation





absolute values are smaller than the upper bound in Theorem 4.3. Note that when i  j,
u always can’t be 0.










Note that for i, j ∈ {0, 1}, u = 0 only when i = j and τ = 0. Then v  0 if and only if
γ1  γ2. Now let y = xp






















where the second equality holds since v ∈ F∗pm .





which are much larger than 32 p
m + 12 and increase lapidly when m increases. This is
not desirable and thus for a new sequence family with good correlation property, a
different construction method is needed.
4.2 Cross-Correlation Between s(t) and s( (p
m+1)2
2 t)
In Chapter 3, the cross-correlation between two decimated sequences s(2t + i) and
s( (p
m+1)2
2 t) is investigated, where s(t) is a p-ary m-sequence of period p
n − 1, n =
2m, and pm ≡ 1 (mod 4). In this section, the cross-correlation function between s(t)
and s( (p
m+1)2
2 t) is studied, and the upper bound of the cross-correlation magnitude is
derived.
Theorem 4.6. Let p be an odd prime and n, m be the positive integers such that
n = 2m with pm ≡ 1 (mod 4). Let s(t) be a p-ary m-sequence of period pn − 1. Then
the magnitude of the cross-correlation function between s(t) and its decimated se-
quence s( (p
m+1)2
2 t) is upper bounded as
|C(τ)| ≤ 3pm + 1.
Proof: The cross-correlation function between s(t) and s( (p
m+1)2



















where x = αt and γ = xτ. Let x = y2 when x is a square and x = σy2 when x is a


















where σ′ = σ
(pm+1)2
























































≤ 3pm + 1. (4.26)
The last inequality comes from (4.2) and Theorem 4.3, and the proof is complete. 
Some examples of the above theorem are given below.
Example 4.7. Let p = 3, n = 8, and m = 4. Then (p
m+1)2
2 = 3362 and by computer
experiment, the maximum cross-correlation magnitude is given as 138.262, which is
smaller than 3pm + 1 = 244. The number of distinct correlation values is given as 13.
Example 4.8. Let p = 11, n = 4, and m = 2. Then (p
m+1)2
2 = 7442 and by numerical
computations, the maximum cross-correlation magnitude is given as 242.241, which
is smaller than 3pm + 1 = 364. The number of distinct correlation values is obtained
as 61.
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Numerical analysis implies that the bound obtained in Theorem 4.6 may not be tight.
The maximum magnitude of the cross-correlation from computer experiment is about
2pm, which is far smaller than the upper bound 3pm + 1 in Theorem 4.6. Possibly,
some terms in the two exponential sums in (4.25) cancel out and this causes smaller
cross-correlation magnitude. To find exact upper bound, more detailed investigation




In this dissertation, the cross-correlation between two decimated sequences of a p-
ary m-sequence is studied, where p is an odd prime. Here one decimation factor is 2
and the other decimation factor is twice the values which were investigated previously
for cross-correlation of a p-ary m-sequence and its decimated sequences. Also, con-
structions of p-ary sequence families of period p
n−1
2 with good correlation property are
considered.
First, the value distributions of the cross-correlation function between two deci-
mated sequences by 2 and d of a p-ary m-sequence of period pn−1 are derived, where
n = 2m. Two decimation values for d are considered, which are given as d = (p
m+1)2
2
with pm ≡ 1 (mod 4) and d = (pm+1)2pe+1 with odd m/e. For d = (p
m+1)2
2 , the maxi-
mum cross-correlation value is given as −1+3p
m
2 and the maximum number of cross-
correlation values is 3. For d = (p
m+1)2
pe+1 , the maximum magnitude of cross-correlation
is 1+p
m+e
2 and the maximum number of cross-correlation values is 5.




2 are constructed. The nontrivial correlation values of the sequence fam-
ilies are the same as the values of the cross-correlation between the two decimated
sequences investigated above. Also, the value distribution of the correlation for each
sequence family is derived. The construction method of the proposed sequence fami-
lies is similar to that of p-ary Kasami sequence family, while the new sequence families
have half the period of Kasami sequence and twice the family size.
Second, an upper bound on the magnitude of the cross-correlation between two
decimated sequences of a p-ary m-sequence of period pn − 1 is derived. The two
decimation factors are 2 and 2(pm + 1), where n = 2m and pm ≡ 1 (mod 4). The con-
ditions for two functions trn1(ay − byp
m+1) and trn1(a
′z − b′z2) to be equivalent, where
a, b, a′, b′, y, z ∈ F∗pn , are given. Then by using Weil’s bound, the upper bound is ob-
tained as 32 p
m+ 12 . And from numerical analysis, it is conjectured that this upper bound
also holds for pm ≡ 3 (mod 4).
Additionally, an upper bound of the cross-correlation magnitude between a p-ary
m-sequence of period pn − 1 and its decimated sequence by the decimation factor
d = (p
m+1)2
2 is obtained, where n = 2m and p
m ≡ 1 (mod 4). Note that this decimation
value is also investigated in this dissertation to construct a new sequence family of
period p
n−1
2 . The upper bound is derived by using the above result and is given as
3pm + 1.
Finally, some further works are suggested here. First, new ways to construct se-
quence families by using the two decimated sequences studied in the dissertation can
be considered. A drawback of Kasami sequence family is its small family size, and
the sequence families constructed in Chapter 3 have the similar problem. Thus, new
construction methods for sequence families with larger family size can be studied.
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Also, new sequence families using two decimated sequences in Chapter 4 may be
constructed. And the conjecture for the cross-correlation between two decimated se-
quences for pm ≡ 3 (mod 4) and tighter upper bound for the cross-correlation of a
p-ary m-sequence and its decimation in Chapter 4 can be investigated.
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초록
본 논문에서는 p진 m-수열의 서로 다른 두 데시메이션 수열들 간의 상호상관에
관한연구를수행하였다.본논문은두개의주요연구결과로구성되었다.
먼저 첫번째 결과로, 홀수인 소수 p와 양의 정수 n = 2m에대해서 각각 2와 d로
데시메이션된 두 개의 p진 수열 간의 상호상관도를 분석하였다. 이때의 d 값은 두
가지경우를 가지는데, 첫번째는 pm ≡ 1 (mod 4)일 때 d = (pm+1)22 이며, 두 번째는
m
e가 홀수일 때 d =
(pm+1)2
pe+1 이다. 각각의 d 값에 대해 상호상관도의 값의 분포를 구
하고, 이러한 두 데시메이션 수열들을 이용하여 우수한 상호상관도 특성을 가지는
주기 N = p
n−1
2 인두개의새로운 p진수열군을제안하였다.
두 번째 결과로, 홀수인 소수 p와 양의 정수 n = 2m, pm ≡ 1 (mod 4)에 대하여
각각 2와 2(pm + 1)로데시메이션된두 p진수열간의상호상관도값크기의상한을
구하였다. 이 두 수열들은 p진 카사미 수열을 생성하기 위한 두 수열들을 각각 두
배씩데시메이션한 수열들로 볼수있다. 이때의 값의상한은 32 p
m + 12으로나타난
다. 또한, 이결과를 이용하여 p진 m-수열과 d = (p
m+1)2
2 로데시메이션된 수열 간의
상호상관도크기의상한을유도하였다.
주요어:데시메이션수열,비이진수열,상호상관도,수열군,의사난수수열, m-수열
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